HANKEL MULTIPLIER TRANSFORMATIONS AND
WEIGHTED »-NORMS()

BY
DOUGLAS L. GUY(®)

Introduction. Let L!(— », «) denote the Banach space of all real valued
measurable functions f on (— ©, «©) such that

Il = @oye [ o) | e < .

—0

Functions equal almost everywhere are identified. It is well known that if
multiplication is given by the convolution

(1) (7 gla) = emye [ " fs — welwydu,

then L! is a Banach algebra. Writing

@ 76) = @ [ " f(w)enede

for the Fourier transform of f(x), we have the familiar formula

A3) [f*g]" () = g )

by Fubini’s theorem.
Consider a transformation T of functions on (— , «) to functions on
(— », «©) such that

C)) T[f+g]l = T[f]*g = f*Tlgl.

In order to characterize such a transformation we apply (3) and obtain
T[f]"¢" =f"T[g]". It follows that there is a function ¢ such that

(5) Tf]1*(y) = ¢()f" ().

If, on the other hand, (5) holds, then the transforms of the members of
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(4) are each equal to ¢f g . Since the Fourier transformation is one-one, (4)
follows.
The inverse of the Fourier transformation is given by the formula

1@ = o [ G)eay,

it being necessary in general to interpret this integral by means of a sum-
mability process. With this in mind we write (5) in the form

(6) Tf(x) = (2m)-17 f $()f" (3)einudy.

The transformation T is called the Fourier multiplier transformation
given by ¢. Examples are furnished by the Riesz conjugate

1 ©
7@ = — [ - v,
T J o
the partial Fourier integral
S = @ [ Gy,

the translate
Tf@)] = f(x + a),
and the derivative
F@) = df/dz

of f. These are given under suitable conditions by the functions 7 sgn ¥y, the
characteristic function of the interval [—a, a], =i, and —iy respectively.

A similar type of transformation may be defined using Fourier series in-
stead of Fourier integrals. Suppose that {t,,} is a given sequence of complex
numbers and that a function f defined on [—, 7] has Fourier coefficients a,.
We write

f@) ~ 3 aneine

and say that 7f(x) is the Fourier series multiplier transformation given by
{t.} if

Tf(x) ~ D laane™.

J. Marcinkiewicz has proved the following important result [1939]:
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THEOREM. If fCL?(—m, w), 1<p< w, and if

(a) || ¢, — o << w,
and
i2n+l
(b) > lt—ua] S, 0<n<o,
+2"+1
then
A, = AP

This was generalized by I. I. Hirschman, Jr. [1955a, pp. 29-51 and p. 60]
who replaced L?(—m, ) by the space L*?(—m, w) of all f such that

les = [ 1100l < .

These theorems were proved on the basis of some rather involved results
of J. W. Littlewood and R. E. A. C. Paley [1937] as well as A. Zygmund
[1938; 1945]. In the special case p =2, however, Hirschman obtained a proof
which avoids these [1955a, pp. 51-60]. This proof is in addition applicable
to certain orthogonal series other than Fourier series. Using this method
Hirschman [1955b] obtained the result corresponding to Marcinkiewicz
theorem for Legendre series multiplier transformations and weighted quad-
ratic norms. In another paper Hirschman together with R. Askey [1959]
extended this result to ultraspherical polynomials. Hirschman [1956b] has
simplified this proof.

In the more difficult case p=2 less is known. However important results
have been obtained by H. Pollard [1947; 1948], and [1949] for ultraspherical
polynomials and by Hirschman [1957] for Jacobi polynomials. G. M. Wing
has considered the case of Fourier-Bessel series [1950] and of Hankel trans-
forms [1951]. Since the latter paper is of special interest to us, we consider
its contents in a little more detail.

If fELY0, «) and if v= —1/2, we write

™ £ = [ 1@ @)

0
for the Hankel transform of f of order ». If fEL?(0, ©»), 1<p=2 and 1/¢
=1—1/p, then F, is given as the limit in the mean of order ¢ of partial
integrals of (7). Writing
®) Sl@] = [ RO @)y

0

for the partial Hankel integral of f, Wing proved that
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15[l = M1 7115

and that S,[f] converges in the mean of order p to f. Our main result here,
the analogue of Marcinkiewicz theorem for Hankel multiplier transforma-
tions and weighted p-norms, includes this result of Wing.

We find it convenient to modify the definition (7) of the Hankel trans-
form. We set

9) dm,(x) = [2712(v + 1/2)]"a¥dx

where »20. We write H,(0, «) for the Banach space of all real valued meas-
urable functions f such that

(10) Il = [ 715 dmta) < .
0
We next set
(11 Vi(x) = 2712y 4 1/2)T,—q/2(x) 2t /2~
and call
(12) 7o) = [ @ ein
0

the (modified) Hankel transform. Using (7) and (11) we see that f~ is merely
y~* times the ordinary Hankel transform of x’f(x) of order »—1/2.

We may introduce an operation of multiplication into H} in such a way
that a Banach algebra results. Let x, ¥, and z be non-negative real numbers
and set A(x, ¥, z) be the area of the triangle with sides x, y, and z if such a
triangle exists and let it be zero if not. Then set

25Ty + 1/2)%A(x, 9, 2)
I(/2T () (ey2)

As we shall show in Lemma 2A below

(13) Dy(x,,2) =

(14) f V,(2t) Dy, 3, 2)dm, (&) = V() V().
0
The convolution of two functions f and g in H, is defined by the formula
(15) @ = [ [ 0286 Duta, 3, Dimts)am. ).
0 0

Using (14) and Fubini's theorem, the relation
(16) (el =f¢

follows easily.
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Since the transforms of f * (g * k) and (f * g) * k are each equal to f g" 4~
and since the modified Hankel transform is one-one, it follows that convolu-
tion is an associative operation. That it is commutative is immediate from
(15) and Fubini’s theorem. We next note that V,(0)=1 and thus setting
t=0 in (14) we have

%)) fomDy(x, ¥, 2)dm,(x) = 1

for all ¥ and 2. By Fubini’s theorem we obtain

el = [ f om ) 0” | F3)6@) | Do, 9, 2)im, (3)dm, z)dms()

8 ©0 0 L
(8 = 7156 am) [ 71 g am @) [ .o, 5, i)

= [l

We may now conclude that H} is a commutative Banach algebra.
If we consider a transformation T of functions on (0, ») into functions
on (0, ®) such that

T(f*] = Tlf]* = f*7lg,

it follows as in the case of Fourier Transforms that there is a function ¢ such
that

Tf]" () = ¢(0f ()

and conversely. We call T the Hankel multiplier transformation given by ¢.

The construction above is based on results due to J. Delsarte [1938]. It
may be of interest to summarize these here. We make no attempt at complete
rigor.

Let L. be a linear operator on a set 4 of functions. Suppose that L, has a
continuous spectrum .S in the complex plane and that for each a&.S the
corresponding eigenfunction is j.. Let these functions be normalized so that
7«(0) =1 for each a.

We next suppose that there is a sequence {q&,.} of functions in 4 such that
for each a in .S we have

0

(19) Jo(2) = 2 ar¢a(x).

0

Under these assumptions the generalized translation operator T is given by
the formula

(20) T,[1)] = z; o)LL)



142 D. L. GUY [April

Delsarte observed that T,[f(x)] is characterized as the solution F(x, y) of
the equation

(21) L[F(-, 9] = L[F(x, -)],  F(x, 0) = f(x).
He also noted that
(22) Tu[ja(x)] = Ja(®)ja(y).

For the first example let
Lff] = f' ().

Then S is the whole complex plane, j.(x) =e**, and ¢.(x) =x"/n!. Moreover
equation (21) now reads

Fi(x,9) = Fu(x,y),  F(x, 0) = f(x).
Taking Fourier transforms of both sides, we obtain
—iF* (L) = F, (1 y), F (40 =/.
This ordinary equation has the solution
Fo(t, 9) = [ (e .
Taking the inverse Fourier transform, we conclude that
T[f@] = flx + ).

Thus T, is the ordinary translation operator and formula (20) is Taylor’s
formula. Equation (22) is the familiar relation ex@+¥) = gazea,
For the second example let

2v
Lf] = f"(x) + x—f’(x)-

By standard formulas from the theory of Bessel functions, Sneddon [1951,
pp. 511-512], we see that

L.[V.(ax)] = — a?V,(ax).
It follows that
Ju(x) = V,(1a'%x).

Moreover, equation (21) now reads
2v 2y
Fn(x, y) + ; Fz(x’ 3’) = Fw(x> y) + ; Fu(x> y)7 F(x3 0) = f(x)°

Taking modified Hankel transforms, we have
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R 2y,
—2F*(t,y) = Fou(t,) + ;F 3,  F (%0 =f()

by a known formula for the Hankel transform of L,[F], Sneddon [1951,
p. 61]. This modified Bessel equation has the solution

F~(t, y) = /~@OV,(ty).
Taking transforms again, we conclude that

F(x,y) = T,[f()]
fo V)V 1) dm ) fo " 1)V (at)dmy (2)

= f cmf(z)D,,(ac, y, 2)dm,(z)

using (14) and inversion of the order of integration(®). The formula (15) for
the convolution now reads

[rela) = [Tl le)im ).

This corresponds to formula (1) for the ordinary convolution.
We now see a rather detailed analogy between H. and L. That this anal-
ogy goes even deeper is shown by the following easily established result:

THEOREM. If v=0, then HL(0, ) is a regular commutative semi-simple
Banach algebra and the space of closed maximal ideals is 1somorphic to the set
[0, « ] endowed with the usual topology.

The ultraspherical polynomials also given rise to Banach algebras. See
I. I. Hirschman [1956b]. In this connection see also B. M. Levitan [1949] and
S. Bochner [1954].

In Part I below we shall be concerned with Hankel multiplier transforma-
tions defined on the Banach space HZ?(0, «) of all real valued measurable
functions f such that

(23) les=[ [ wa(x)zx”dmv(x)]m < .

Using the direct method of Hirschman we prove the analogue of Marcin-
kiewicz theorem for Hankel multiplier transformations.

In Part II the same result is proved for weighted p-norms. The method
entails proving first the corresponding result for Fourier multiplier trans-

(3) Delsarte gives the solution without using transforms. His solution may be converted to
ours by an easy change of variables,
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formations. The following lemma, which may be of some interest in itself,
is then employed to carry this result over to Hankel multiplier transforma-
tions:

LemMA. If [§ s‘”’"“l g(s) [ ds < © and g has ordinary Hankel transforms G,
and G, lying in L*?(0, ), 1<p< o, —1/p<a<l—1/p, v, u>—1/2, then
|G| a5/ ||Gull . ties between positive constants.

PARrT I. WEIGHTED QUADRATIC NORMS

1. Preliminary results. We begin by proving some general results about
the spaces H2*(0, ) and L*%(0, »). We note that f is in the former if and
only if f(x)x” is in the latter. If lim,., ” fa— f”a,2=0, we say that f, converges
to f in L*? or Hy? and write

1) lime?f, = f.

a— o

Writing H? for H%?, we note that if f€ H?, then x*f(x) €L2. The ordinary
Hankel transform F,_j;; of order »—1/2 of this latter function is given as a
limit in the mean of order two of partial integrals

(2) Fo_12(y, a) = fax{f(x)],_l/z(xy) (xy)V2dx.

0

Setting f~ (¥) =y~"F,_12(y), we see from formulas (9), (11), (12) and (23) of
the introduction that f~ (y) is the limit in H? of partial integrals

@3) G a) = f " 1)V (ay)dma(a).

It is now evident that each of the following results is an immediate conse-
quence of the corresponding result for ordinary Hankel transforms in L?,
Titchmarsh [1922, p. 473]:

THEOREM 1A. If fEHZ(0, »), v=0, then the (modified) Hankel transform
f~ of f of order v exists as a limit in H} of partial integrals (3) as a— . More-
over the following hold:

(a) Parseval's theorem,

711> = Il

(b) the inversion formula
1" =1
(c) the uniqueness theorem,
if £~ (y) =0 for all y, then f(x) =0 a.e.,
and if g is also in HY,
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(d) Plancherel's theorem,

I} owf(x)g(x)dmy(x) - [ :f‘ ()g* ()dms(3).

In case a2, such powerful results ard not obtainable. However we prove
the following:

THEOREM 1B. If fEH?(0, ), 05a<1/2, v20, and B= —a, then the
(modified) Hankel transform f~ (y) exists as a limit in H?*(0, ) of partial
integrals

@ 26 = [ v

as a— . In addition we have

®) 721152 = Ala, )]s

This is a consequence of a more general result.

THEOREM 1B’. Suppose that k(x, v) is bounded for x, y=0 and that a
bounded transformation of L*(0, ) into itself is given by

f(x) > F(y) = lim.? f f(x)k(x, y)dzx.
a— o 0

Then for every fEL*?(0, »), 0=a<1/2, a function F exists as a limit in
LA2(0, ), B= —a, of partial integrals

Fs) = [ fken)ds
as a— ., I'n addition we have

[Flls2 < Ale, B)||f]|ae-

It can be shown that this result is in turn a consequence of a theorem of
R. E. A. C. Paley [1931]. However, it is just as easy to prove it directly.
This latter proof, which we now give, is based on ideas of Paley [1931] and
Hirschman [1956a]. We use A(a, - - - ) to denote a constant depending on
a, - - -, and not necessarily having the same value at every occurrence.

Proof. The case a=0 is trivial. Since 4 (e, k) is logarithmically convex as
a function a(%), it is enough to prove the theorem for the range 1/4 <a<1/2.

We first establish two inequalities. Let

2n+.l
(6) Ka(y) = f(@)k(x, y)dz, —o <n<»
o on

and

(%) See Hirschman [1956a].
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2 2'1'1 2 2
(7) Wn = fx) %" dx, —w0 <n< o,
2”
By the boundedness of £ and the Schwarz inequality we have

on +1

Lub. | K.(y)]| < 4 f 1 f@)] s

0sy<e
2n+l 2u+l

[ s

é A W"2nl2—an.

IA

1/2
x‘zﬂdx_l

Since we have a bounded transformation of L? into itself, it follows that

on +1

A|: R f(:c)zd:vc]u2

(9) 1/2 ol 1/2
=4 I: l.u.b. x‘“] [ f f(x)zxz"‘dx]
on <z<2n+l on

= AW, 27,

(elp

IIA

IA

Now suppose that >0 and set

Tom = ( f + f )I K0 En(3) | y2ody = Lo + Iiim.
0 a

Then, supposing for the moment that n<m, we have by (8)

’

In'm

IIA

a
Lub. | K.(») | Lub. | Kn()| f y~2edy
o<y<a 0

0<y<a
< A Wn I/sz—an+nl2—am+ml2(ll—2a

and by (9) as well

” © 1/2 0 1/2
Lim = Lub. |Kn(y)l[ f Km(y)"’dy] [ f y—‘*ady]
a<y< « a a

é A Wn sz—an+n/2—ama1/2—2a.

IA

Setting ¢ =2, we obtain
Inomw £ AW W2~ /2—a)im=n]
Now let

2M +1

Put) = [ Mok iz = LK), M=1,2000

Then, using the estimate
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2| ab| < a? + b7,

we obtain

2 M
IFullss X Inm

n,m=—M
M
<4 Y W,Wp2-z-aimsl
n,m=—M
M M
2 —(1/2—a)|m—nl|
SA4 X We X2
n=—M m=—M

4 was Aflfen

n=—M

IIA

Since the last term is independent of M, we are done.

The kernel J,_j,2(xy) (xy)!/? satisfies the hypotheses of Theorem 1B’; that
is, we have the result for the ordinary Hankel transform. By the relation of
the modified Hankel transform to this, we have Theorem 1B.

By standard methods, A. Zygmund [1935, pp. 208-211], Theorem 1B’
may be somewhat strengthened.

THEOREM 1C. If, under the hypotheses of Theorem 1B’, F* is a nonincreas-
ing function equimeasurable with F, then

[F*5.2 = Aa, Bl[fl]ac2.
As an easy consequence we also have the following:

CoroLLARY 1D. If fEH?(0, ), 0<a<1/2,v20, and if 0<a < «, then

[ Oaf‘ 5)’(a = ) dm(y) < A, |22

and
[ o' -a ™ mo s a6l

2. The basic norm relation. In this section we derive the key result used
in the proof of the main theorem. More explicitly, we find a function S,(x, )
such that for each f in H®?, 0 <a<1/2, the basic norm relation

2 1 © © 2
=5 [ [ o) = s amane

holds.
We recall formula (13) from the introduction and prove the following:
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LeMMA 2A. If v>0and x, v, 2, £t 20, then
) f Vy(2) Dy(x, 3, 2)dm,(2) = V,(a))V.(y2).
0

Proof. By Watson [1944, p. 411]
277 1A(x, y, z)P 1
I(p + 1/2)T(1/2)(xyz)?

when p > — 1/2. Setting p = » — 1/2 and multiplying both sides by
22=1(xyz)1/2=T (v 4+1/2)2, we have

[V.(=)V.(31)]* (2) = Di(s, y, 2).

An application of MacRobert's version of the Hankel inversion formula for
analytic functions, I. N. Sneddon [1951, p. 53], completes the proof.

Suppose now that ¢ is a non-negative measurable function such that the
integral

f LT ()T (al) pdt =

(2) s(x) = fw[l — V.(xt)]o(t)ds

is finite for all x=0. Since I V,(xt)l =1, s(x) =0. However, it does not follow
that ¢ L1, because V,(0)=1. Nevertheless, when ¢ EL!, s(x) is bounded
and s(0) =0. In any case, s(x)—0 as x—0 by the dominated convergence theo-
rem. We set

@3) S(y,5) = f “s() D1, 3, D,

Since D,(t, ¥, 2) 20, S(y, 2) =0.
LeMMA 2B. If ¢, s, and S are defined as above and if fEH?, v>0, then

fo s () dm () = % f i f " 0) = £ @S0, 2)dm(y)dm ().
Proof. We first suppose that
(a) p= f o)t < o
and

(b) /€ H,NH,.
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Then we obtain for the double integral I on the right side above

- : ) "1 (), 2)dmy()dm(2)
+ —;— f i ) " @S0, 2)dmy(3)dmy(2)

_ fo ® fo °°fA N @Sy, 2)dm,(y)dm,(z)

=L+ I+ I,
We shall show presently that the last three integrals are finite. We have

1 p- w
n= [ 1o [ so,2ime
=5 [ 7 0rmo) [ Cime= [ o5, D

1 0 0 -]
= — [ 1 oyam) [ “swau [ " Ditw, 3, im0
0 0 0
Setting £=0 in Lemma 2A we have
f D,(u, y, z)dm,(z) = 1
0

for all w and y. Thus D,E H, as a function of 2. It follows that S(y, 3) EH!as a
function of 2. Moreover we now have

1 ® 1 ©
®) L=— [ royamo) =< o [ sme)
2 0 2 0
by Parseval’s theorem. Similarly we obtain
1 o
©) L=~ [ j@ram).
0

Using the estimate 2|ab| Sa?+b?, we see that I; converges absolutely in
view of (5) and (6). Thus we may apply Fubini’s theorem to I3, obtaining

n--f 1 0im) [ 1 @80, am e
- - f 1~ (3)dmy() f S(y, 2)dm, (2) f @)V (a2 dms().

Since fEH,, SEH.} as a function of z, and V, is bounded, we have
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[ sty mam [ @)V (ex) i (x)
0 L]

8 = ) dm, °°S , 2)V, dm,

() f F(@)dmy(2) f (3, )V (a) dm(z)

= fo f(x)dm,(x) f V,(zx)dm,(2) fo D,(u, v, 2)¢(u)du.

0

Since ¢ &L, D,EH, as a function of z, and V, is bounded, we have by
Fubini's theorem and Lemma 2A

[ " V(e dm (2) [ o600, 3,
0 0

= fwd’(“)d“way(u, v, 2) V. (2x)dm,(3)
0 0
= V,(y2)[p — s(@)].
Inserting this in (8) and the result in (7), we see that
I3 = fo I (y)dmy(y)fo @) [s(x) — plV.(xy)dm,(x)
©) - [ 0l - 21l G)m)

~ [ @@ — plima.
0
Combining (4), (5), (6), and (9), we have the theorem under the restrictions
(a) and (b).

We next suppose that f is any function in H, and remove restriction (b).
By (a), s(x) is bounded and thus

(10) j;wf(x)%(x)dm,(x) < o,

We set f.(x) equal to f(x) if x€[a~?, a] and equal to zero otherwise. Then
fo—f" in HZ Thus there is an increasing sequence {a,} such that a,— o
and fa”(y)—>fA (y) pointwise as n— . Since f,, & HY\H?, we have

0 1 -] e n n
[ tu@s@am = [ 0 f [/20) = @ 1S(y, 2)dm(3)dm(z).

We now have, by Fatou’s lemma,
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-] 1 -] 0
(11) fo S@)s(adm() = — f f [1*0) = 7~ @13 (y, 2)dm,(3)dms ().

In order to prove the reverse inequality we write
o) =L@ =1fi) -0 = (fe@&) = &)+ [F0) = 1~ @)].
Using the estimate
(@ —8)*= (14 e)a®+ (1+ e)b?,
we see that
[fe) —@P= A+ )[(f20) =1 0) — (fa(e) — ()]
+ A+ e 0) - @]

Therefore we have

1 -] 0
S A+ e f f0 [ 5) = 7~ @ ]S(y, 2)dm,(y)dm, (2)

1 0 0
“ 2 f f /2 5) — £2 @1S(3, 2)dm,(y)dm, (2)
1 0 00
-t f fo [(F20) = F~O) = (e (@) — 7~ @)]?

‘S()’, Z) dm,()’) dm,(z) .
Since fa€H,NH;,

21 [ 150 - £ @rse gmoame = [ @s@ane.
By (11) we also have
1 © ©
7 [ o -ron- e -1 @ISO damG)im(9
s [ 156 - @) sam o).
Combining the last three expressions and letting a— «, we obtain
20+ [ [0 - @, dimoane 2 [ es@ine.
2 0o Jo ! =J,
Next letting a— «, we conclude that

1 © Mo w
?j; fo [ () — £~ &)1, 2)dm,(y)dm.(3) gf 1) (%) dmy(x).
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The removal of the restriction (a) is all that remains. Suppose that

Jop(t)dt= . It follows that there is a nondecreasing sequence of non-negative
functions ¢, in L! such that ¢,(t) —¢(¢) a.e. With evident notations

-] 1 0 o0
(13) f St @imt) = f f [ 0) = 1~ @ ]Sa(x, 3)dm (3)dm(z).

By (2) and (3) we see that {s,} and {S,} are nondecreasing which converge
to s and S respectively. Thus we may obtain the desired result by letting
n— oo in (13).

TuEOREM 2C. If fEHI?, 0<a<1/2, v>0, then

2 1 ©
es=5 [ [ 1 0) =1 @5, DamGam

where
Sa(y, 2) =f =722 D,(¢, vy, z)dt/ f 121 — V,(1)]de.
0 0

Proof. Let ¢=[yt-1=2[1 — V,(¢) ]dt. Since 1— V,(¢) =0(#?) as t—0, ¢ is fi-
nite. It is also positive. Setting ¢(¢) =¢~ #7172« in Lemma 2B, we see that

s(x)

c"‘f 121 — V,(xt)]dt
0

- c—lf atay—1-2[1 — V,(u)]du = x%.
0

The theorem is now proved for all fE H:NH;2.
Suppose next that f is any function in H{** and let f, be defined as in the
proof of Lemma 2B. Since f,EH:NH;*, we have

9 1 © o
lalles = f f [ 5) = f2 D) ]2Saly, 2)dms(y)dm,(2).

Because f,—f in H*? f. —f" in H,;**by Theorem 1B. It follows that there
is a nondecreasing sequence {a,} such that f,; —f" pointwise a.e. The steps
of the last half of the proof of Lemma 2B may now be repeated to complete
the proof of this theorem.

COROLLARY 2D. If f and g are in H?, 0<a<1/2, v>0, then

) " f)g (@) x2edm ()

1 0 ©
=7 f fo 12 0) — @] &) — g~ @]Saly, 2)dm,(y)dm.(z) .
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3. The main theorem. We say that a transformation T of H*? into itself
is the Hankel multiplier transformation given by a function ¢ if

¢y TIf1" ) = 6" ()  ae.

for every f in the dense subspace H2N\H:?. In this section we find a condition
on ¢ sufficient to assure that T is a bounded transformation.

We note that if ¢ is bounded and f&H2NH?, then ¢f S H?Z If we set
Tf=[¢f"]", we have (1) by the inversion formula. If in addition we prove
that T is bounded on H?N\HZ?, then, by a well known theorem, T has a
unique extension to a bounded linear transformation on Hg*%. See Theorem
3E below. We first prove some lemmas.

LemMmA 3A. If 0<a<1/2 and v>0, then we have
) Sa(y, %) S A(a,9) |y — 2|77y + )7
for all y and 220.

Proof. By Theorem 3C we have by the definition of D,

y+s
Sa(y, 2) = A()(y2)'* f 122 A(y, z, ) ¥dL.

ly—2|

By Hero’s formula
40y, 250 = [0 +2+ D0 +2-D0 -2+ )G —y+ )]

and therefore we may write S.(y, 2) in the form

AG) (y2) =2 f To+s400+5—00 =5+ 0G— 5+ Hl-rreva,

ly—3|

v+

We next consider two cases according as y>z or 2>7%. By symmetry we
need consider only one of these. Of course the case y =23 is trivial. Let us sup-
pose then that y>z. .

If in addition z2<y<32/2, we make the change of variable t=y+42—2s
and write

z/2

Sa(y, 2) = A(yZ)H’f [0+ 2= )y — )z — s~y + z — 25)"22ds

0

22—y

+ A(y2) H"f [y +2— )y — 5)(z — $)s]1(y + z — 25)~2=2ds

z/2

+ A()’Z)H’f z [y +2—=95)(y — 9)(z — s)s] 1y + z — 25)"2=¥ds

22—y

= A[I, + I, + I.
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Let us write w =2 v if w/vis bounded between positive constants. Considering
the integrand in [;, where 0=<5=2/2, we have

(a) (y+ 32— 25) 2y, (b) +z—s)=xy
(c) (z—s)=y and (d) (y—s)=9y.
It follows that

z[2
Il é Ay—y—Za—Zzl—va sv—lds = Ay—v—-Za—2zl—v
0

__<__ A(y — z)—l—Zaz—ZV é A(y —_ z)—1—2a(y + z)—2v

since y—2z =y, y=z, and y> (1/2) (v +3).

Considering the integrand of I, where z/2<s=<2z—7y, we have
(a) (z—9=@—9), (b) +z—29=2(— ),
(c) (y+z—s5)=2y and (d) sy,

It follows that

2z—y

12 é Ay—lzl—2vf (y — s)—?—Zads - Ay—-lzl—~2v(y — z)—l—Za

z/2

é A(y — Z)—I—Zaz—Zv é A(y — Z)—I—Za(y + z)—b.

Considering the integrand of I, where 22—y =s=z, we see that

(a) y—9=2@b -2, (b) (+z—25)=(y— 2),
(o) y+z—95=y, and (d) s=y.

Therefore we obtain

z

15 ay s — 9 [ G- g

2z—y

é A(y —_ Z)—l—-?az—2v é A(y — z)—l—?a(y + Z)—2v.

Combining these results, we have the inequality under the assumption that
2<y<3z/2.
We next suppose that y¥=3z/2. We then obtain

(a)(y +2—25) Xy,
(b) (y+2z—s5)=y, and
(0 (y — ) Xy.

Using these relations together with the inequality y = 3(y+2)/5, we conclude
that
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z

I3 é Ay—l—Za—2vzl—2vf (Z —_ s)v—lsv—l

0

I\

1
A(y —_ z)—l—2ay—2vf (1 — t)v—ltv—ldt
0
S Ay — 27 (y + 2)77
LemMA 3B. If fEH?, 0<a<1/2, v>0, and

Saalf(@)] = f OV a)dm(), 0=a<b<w,

then
[1Saslf a2 < A, »)[|f]ae.

Proof. Let J=[a, b] and J’ be the complement of J in [0, «). By Theo-
rem 2C we have

2 1
I,Sa,b[fllla.2 = 'z—flj;[fA(y) —_ f“(z)]2Sa(y’ z)dmy(y)dm,(z)
1
+ o fJ , fJ 2 (9)2Sa(y, 2)dm,(y)dm,(z)

41 [ [ 1@, Dmtsrim 2
- alYy my my
2J,J, y y

=Ii+ I+ I

Using Theorem 2C again we obtain
1 0 ©
nz— [ [ 1ro) - £ @1, dimeime = s
0 0
By Lemma 3A and Corollary 1D we also obtain

I;= 4 f,f‘(z)zdm,(z) . l y — zl— ~2ady
=4 f,f "(2)*(b = )7*edm,(2) + 4 f 12 — a)~*dm,(z)

< 4llflle.s.

Using Fubini’s theorem and symmetry I;=1I;. This completes the proof.
Forn=0,+1,%+2, - - - ,letussetb,=3-2"2,r, =271 ¢, = [b,.—r,,, b,,+r,,],
Pa(¥) =1—(y—bn)?, % and
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En(2) = f o) () V() dma(3).

n

LeMMa 3C. If FEH®?, 0<a<1/2, »>0, then
S IE]as = 4G, Dl|flue

Proof. By Theorem 2C we have
1

B =< f n f )7 6) = pn(3f” @252, im i)

1
* 7f f.,"””(”zf‘ (9)2Suly, 2)dm(y)dm ()

5[ [ e @50, 2imrim e

= Il.n + I2.n + IS,n-
By Lemma 3A we obtain

f Sa(y) z)dm;o(y) é Af l y - zl—l—2ady

= A(z — b, + ra)" 22+ A(rn + b, — 2)7%
For any »# and any z&g, the following are easy to establish:
an(2)? £ 4(rn — ba + 2)%r372 0a(2)2 £ 4(rn + bn — 2)%372
(f” _I_ bn — Z)Z-—Za é AZZ—2a’ (1’” — bn + 2)2_20‘ _S_ AZ2—2a’

)

and

ri? S Az 2
Therefore we have
[ onersuty, am) s .

Noting that no point is in more than three of the sets o, and using Theorem
1B, we obtain

Shas4a [ p@uminG
(@ = e
<4 f @)% am (@) s Alf]5e
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A similar inequality may be obtained for the sum of I,,.
We next consider I,,. Since p,(y) £1 when yEo,, we see that

Lo [ [ 1°0) = 1 @1Suls, dm(5)am(2)

+ j: ! j; ,.f ~(2)[oa(y) — pu(2)]2Sa(y, 2)dm.(y)dm,(2)

= I+ It

Using Theorem 2C, we have

0

6 Zlas [ ) f ") = 1 @12Sa, 2)dm(y)dm»(2)

= 2|flles.

By the definition of o,, we see that for y and 2z in o,

[Pn(y) - Pn(z)]2 = (y — 2y + 2 — 2b,) ;"
= A(y — 9’

Using the inequalities (3) we obtain for the inner integral of I{,

[ 1oa) = mn(a) 125200, Dim)

= A'»"f |y — z[—teay
S Ar7¥bn + 1a — )2 + ArsHr, — ba + 2)2 2
=< Az ?e,

We may now conclude by Theorem 1B that

= " i 2 —2a 2
Sr.sa% f @)% dm (@) < Al s

157

LemMMA 3D. If 27 1<2,S2%, —w <n< o, and f(x) EH*?, 0<a<1/2,

v>0, then

o gt \ N ,
g:j;n—x fA(Z) | Zn Z‘ dm'(z) = A(ay V)”f”a,2-

Proof. We note that if 2»~1<z<2n, then p.(z) =3/4. Thus we have
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bid 9n
f2 1 @2 2 —2 |=2dm,(z) < Af 1p,,(z)2| %, — 2 |~2dm,(3)
] g

A f E} (2)?| 20 — z|~2%dm,(2)
0
é A”En|l¢21.2

by Corollary 1D. Application of Lemma 3C completes the proof.

THEOREM 3E. If f(x) EH?(0,%), —1/2<a<1/2, v>0, and if ¢(y) has
the properties

(a) le) | = ¢, 0=y

< =,
and
2"
(b) [ 1wl =c, —o <n< @,
2"

then the Hankel multiplier transformation T associated with ¢(y) exists on
H**(0, ©) and

17es < Aler, NC| ez
Proof. The result is trivial for a =0. Next suppose that 0 <a<1/2 and
that fEHX*NH?. Let A,(x) be the Hankel multiplier transform of f associ-
ated with a function equal to ¢(y) on [27~1, 27] and zero elsewhere for

—w<n<w, Also let Fy(x) be the sum of A,(x) from —N to N, N
=1, 2, - - - . We first show that independently of N

(2) ”FN||a,2 = AC”f”a.z.

To simplify writing we omit the subscripts «, 2, and ». Since

+N © +N «
”FN|]2 =2 f An(x)%xedm(x) + > An(x) Am(x) x22dm(x),
—-NY 0 n,m=—N;nxm 0
the inequality (a) is implied by the inequalities
' +N
(b) 2 llad> = acile,
and

N

(©) >

n,m=—N;nxm

f " (2 (@) 22odm(x) | 5 ACf].

To prove (b) we suppose z2&0, and set
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H

5™(@) = Syv-1,[Ea(x)] = f o) )V (wy)dm(y).

By Lemma 3B we have

n)
7] = 4]l £

Setting ¢,(2) =¢(2)/p.(2) and integrating by parts we obtain

An(2) = fn—1¢(z)f “(@)V(xz)dm(z) = f2 ~ éa(2)d ,5':”)(90)

= 5P (@)en(2") — Sta(®)en(2") — f " 5™ (4)dgn(a).
2»—1

Since for all #n, |¢”(z)[ <AC and fg?,:x[ d¢n(z)] =<AC, we see that by Minkow-
ski’s inequalities for sums and for integrals, Hardy, Littlewood, and Polya
[1952, p. 148], and by Lemma 3B

(n) (n)

clsP' @ + clsal + [ S]] 2662

AC|| En(w)].

Using Lemma 3C, we now obtain

[aa@)]

I\

IA

N N
2lladl = ac 2 |2 = aciif,

proving (b).
We next consider (c). Let

Inn = f wA,.(x)Am(x)xZ“dm(x)

for each pair of distinct integers. Setting J, = [27~1, 2#], we have by Corollary
2D

1
Inn = = f 40 OIS @S0, Ddm()dm)

6 1
©) -2 f SN SEF (DS (y, 2)dm(y)dm(z)
Jnd I

! ”n
= Im,n + Im,n-

We have also used the fact that J,MNJ, is of measure zero. This equality
will in fact be valid only after we have shown that the integrals involved are
finite.
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Using the estimate Iab] =(1/2)a*+(1/2)b? we obtain

| Zon| = 4C? f £~ 5)2S(y, 5)dm(y)dm(2)

m* JIn

+ 4c? f ' 1@S(, dm()in(

= Inn+ I
By Lemmas 3A and 3D we see that

N . N N
> | sact ¥ fA(ZV[ > | s z)dm(y)]dmz)
n,m=—Ninxm m=—N Im n=—Ninxm Jn
< AC* X f2(2)(z — 27" 2dm(z)
m=—N Im
N
+4C* 2 | @2 — 2)"dm(z)
mm—N ¢ J,,
< acyq.
Similarly

ul *
2 inal s acf]

7 me—N inpm

and therefore we have

M 3 nal = aci.
By symmetry we also obtain

® X (2l = 4cil.

The inequality (c) now follows from (6), (7), and (8). Thus we also have
(a). Let Tf denote the limit in H2? of Fy as N— . We then have

©) 1A = aclfll
and
(10) (711 (&) = e()f* ()

for every FEHINH, 0<a<1/2.

Next suppose that —1/2 <a <0, fEH**NH}, and gEH, **"NH;. Using
Plancherel’s theorem, the Schwarz inequality, and what we have just proved,
we have
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fo [7/(2))g () dm(x) = f 6O g 3)dm(y)

-f 1) [Te(@)am(®)

= |lecll Tell w2 = AC|fllacllgl| .-

Supposing in addition that ||g]|_..2= 1, we obtain by a well known formula

o = . [ (14 Jg(x)dm(x) = ACf|an

We now have (9) and (10) for all f in H¥*"\H?. Since this is a dense sub-
space of H;*?, T has a unique extension to H? such that (9) holds.

Part II. WEIGHTED p-NORMS

In this part we extend the main result, Theorem 3E, of Part I to the case
of weighted p-norms. We let L**(a, b) denote the space of all complex valued
functions f measurable on (a, b) and such that the weighted p-norm

e = [ 1160 o ] < o

We show in Theorem 8D, that if f&L*?(0, «) and if ¢ satisfies the conditions
given in Theorem 3E, then the ordinary Hankel multiplier transformation
T, of order v= —1/2 is defined on L*? and H T,,f|[,,,,,§A(oz, b, v)”f”a,p for all
p>1and —1/p<a<i—1/p.

The methods of Part I, depending on the condition p =2 are not available
to us here. Instead we first prove the corresponding result for Fourier multi-
plier transformations on L*?(— o, «). The methods used are essentially
those of the proof of the corresponding result for Fourier series multiplier
transformations on L®?(—, 7), Marcinkiewicz [1939, p. 78], Hirschman
[1955a, p. 29]. An essential step in the proof is a decomposition of the Fourier
integral, derived in §7. The last section contains the main theorems on Fourier
and Hankel multiplier transformations. §§4, 5, and 6 are devoted to prelimi-
naries.

4. Conjugates and partial integrals. We begin with a consideration of a
famous result of M. Riesz and derive several consequences from it. Suppose
that f&EL'\L2N\L*? under the usual restrictions on « and p. Consider the
transformation which sends f into

M 5@ = o [isgn i (e

where f~ is the Fourier transform of f. Since ¢ sgn ¢ is bounded and fEL?,
f~ is clearly defined, at least as a limit in L? of partial integrals.
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Moreover it is well known, Titchmarsh [1957, p. 120], that this expres-
sion may be written in the form

@) @ = v [ = wdn

the integral being the Cauchy mean value at # =x. This function is known as
the conjugate of f; its negative is called the Hilbert transform, Tirchmarsh
[1937, p. 120].

We shall make use of the following generalization, due to Hardy and

Littlewood [1936, p. 370], of a result first proved in the case =0 by M.
Riesz [1923; 1927]:

TueoreM 4A. (Harov, LittLEwoop, Riesz). If fEL*?(— o, ),
1<p< w0, —1/p<a<1—1/p, then {~ as given by (2) exists and

[ les = Al DIl
We next define

®) Sealf@] = o [ p e

for — © <g<b< « and fEL'\L*? and prove

LeEMMA 4B, If f€Le?(— o, ©), 1<p< o, —1/p<a<l—1/p, then S
has an extenston to L*? so that

4 Sa.s[fMllas = Ay §)]|f]lacr-

Proof. Suppose at first that f& L'\ L=?. Using Fubini’s theorem and (2),
we obtain

b ©
Saplf(2)] = (21r)“1f e—"“dzf flu)eitudu
= (2‘"')"‘fwf(u)dufbe“(“"‘)dt
(5) = (21r)-1fwf(u) [eib(u—z) — eia(u-—z)](u _ x)“du

= (27i)"le b= f we"’“f(u)(u — x)"'du

- (27ri)"e—"“’fwe‘““f(u)(u — x)"du
= (i/2)[e~®=(e®*f(2))~ — (e (%))~ ].
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By Minkowski’s inequality and Theorem 4A we have
[Seal Al = 27 [| (e[| + 27| (etoof )|
< A, pIA-

Since L!'ML*? is dense in L*?, the bounded linear transformation S,;
has a unique bounded linear extension to L2,

LemMA 4C. Under the hypotheses of Lemma 4B,
Li.m.*2S, 5[ f] = f.

a—®

In the case a=0, 1 <p =2, the proof is well known, Titchmarsh [1937,
p. 149]. With trivial modification the same proof works for the present lemma
as well.

The next result is a simplified version of the main theorem on Fourier
multiplier transformations. See Ste¢kin [1950, p. 240].

THEOREM 4D. If fEL*?(— o, ), 1<p< o, —1/p<a<l—1/p, and if
¢ has the properties

(6) le®)| = ¢, —w <1<,
and
) [ “lae)] s ¢,

then the Fourier multiplier transformation T associated with ¢ is defined on
L? gnd

1TAles = A, P)CI Al
Proof. Suppose that fEL2MNL*? and set

Fu) = oy [ o ()= at
Using (3) and integration by parts, we obtain

R = [ “$()dS sl f(2)]

— $(@)S—aalf®)] — f el f@)]d6).

By Minkowski’s inequalities for sums and for integrals we have, with the aid
of Lemma 4B,
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17 5 lo@S-wall] + | [ s-e.lrlase)|

IIA

|96 | 1Swell] + [ l1s-wil] 2600
Adlif]-

By similar arguments we have for 0 <a’ <a
”F" - F"'” é C”S—a,a[f] - S--a’.a’[f]”

+alot@ —s@|lAl+4 [ sl

a’s|tlsa

IIA

Using (6), (7), and Lemma 4C, we see that F, is Cauchy in L*?, Letting Tf
denote its limit in L*? as g— «, we obtain

77 = acl/]

for all f&€L*M\L*», That T is a Fourier multiplier transformation is evident.
The extension to L*:? is standard.

Before proving our next theorem we establish some lemmas. These are
all analogous to certain results of A. Zygmund [1938, p. 182] for Fourier
series. We first quote a lemma due to Zygmund [1938, p. 176].

LeMMA 4E (ZyGMUND). If r,(t) is the nth Rademacher function and h(t)
=Y Ya,r.(t) and if 1 <p< oo, then(®)

fol | h(2) |Pdt = < i | a,.|2>p/2.

LEMMA 4F. If f,EL*?(— o, o), n=1, .-+, N, 1<p< oo, —1/p<a<l1
—1/p, then (lev If,.l (2 Ler and

(i |fZ|2>”2 < A(e, ) H( f: Ifnlz)m

The proof is the same as that of the corresponding result for Fourier series
on L?(—m, «) in Zygmund [1938, p. 176].

LeMMA 4G. Under the hypotheses of Lemma 4F,

($| Soal i) | 5 4t | ( f: )"

for any sequence b, - - -, ta of positive reals.

a,p a,p

@,p «,p
Proof. By equation (5) we have

(%) By this notation we mean that the quotient of the expressions involved is bounded be-
tween positive constants.
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®) Solf@)] = 7 [t (efa(2)~ — ~(®)].

The result is immediate using the inequality (a+b)2<2a?+42b2, Minkowski's
inequality and Lemma 4F.

THEOREM 4H. If 1<p<», —1/p<a<l—1/p, fa€EL*?(— o, ») and
a, 15 nondecreasing on an interval [a,,, b,,] forn=1, .-, N, then

(£f [ Sodsel i) ( i k[ j"da,.u))m

Proof. There is no loss of generality in supposing that f,&ELYN\L*?, Let
each interval [a,, b,] be partitioned into m subintervals of length (b, —a,)/m
by points t,,1, - * -, ta,m—1. Let t,,m=0, and set

= A(a, p)

o, a,p

9) Ani = an(tn;) — an(tn,im1)
forj=1,2 .- -, m. We then have
m bn
(10) i 3= | So, (]2 = [ | Sulfe] tdea().
mowo oy an

By Lemma 4G we see that

(38 150ira,)"

n=l j=1

N bn 12
| < e p)|( Z 1l [ “dentd)
a,p Ne=l ap
Using Fatou’s lemma we obtain in view of (10)

(Z | Solsi] IZda,.a))m

a,p

ne=1 a, a,p
N m 1/2
< lim inf (2 > | S0 ;[ len.J‘)
m— o ne=l juml a.p

= A(a7 P)’

( % g :"da,.a))m

5. The function f(x, y). Suppose that y>0. If we set ¢(¢) =e¥!*l in Theo-
rem 4D, then the associated multiplier transformation T is defined on
Ler, If fEL*?, we let

1 f(x, 3) = T[f(=)].
This section is devoted to the study of this function.

LemMMA SA. If fEL*?(— o, ), 1<p< o, —1/p<a<l—1/p,and y>0
then

a,p
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1 0
@ S 3) = — f f)yl(n — )t + y2]-1du
and
1 -]
3) (@9 = — f F0) (= D) — 2 + 32| -du.

These formulae are established by routine calculations. Note that the
Poisson kernel and its harmonic conjugate appear in (2) and (3) respectively.
We shall denote these by P(u, ¥) and P (u, y). If we set z=x-+1y and

4 F(z) = f(x, 9) + if~ (=, ),
then it is easy to prove the following:

CoROLLARY 5B. Under the hypotheses of Lemma S5A, F(z) is analytic for
I(2)>0.

LemMmA 5C. If, under the hypotheses of Lemma S5A, we set
f*@) = lub. | ftz, 9],
>0

then [|f* (@) ap = A (e, P|If@)]]ap-
Proof(®). We may suppose that f(x) =0 for all x. We set

k(x) = Lu.b. L uf(x+t)dt.

—oulwo U 0

Integrating by parts and using the estimates

fo "o + Dt

< [|f(@)]|aptet 117

and P(u, ) =0(u"?) as Iu] — o we have

| =] [ e+ wp au

= ‘ f -:uPu(u, ) [u“lfouf (x+ t)d’]d“

< h(x)fml uP,(u, y) | du = Ah(z).

It follows that f*(x) £ Ak(x) and thus we see that

(%) This result is stated without proof in Waterman [1956, p. 170]. Since there appears to
be no proof in the literature, we give one communicated to the author by I. I. Hirschman, Jr.
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®) 1¥las = AllH]as-
We next show that

(6) [Has = Al fllas-

Suppose that x>0 and set

hi(x) = Lub. — f(x + t)dt.
u>0 U
Let ky(x) and k3(x) be least upper bounds of the same expression over (—x, 0)
and (— «, —x) respectively.
Considering #, first, we set

1 u
Fi(x) = Lub.— f(x + #)dt and Gi(x) = lub. — | flx+ ¢)dt
u>2n o0<u<2® U J o
when x & [271, 2”], n an integer. Setting # =X —x, we obtain
1 X—z
G = Lu.b. $)dt £ lLu.b. f d
1) o<xu-x<2~X —xJo fe+ 0 2»—1<‘f¥<2ﬂ+1 X - f)d.

Using a theorem of Hardy and Littlewood, Zygmund [1935, p. 244], we have

ontl

2”
f Gi(x)rdx < f ': Lu.b. f f(v)dv:l
o1 o1 [omicx<ott X —
n+l
A(p) f f@)ds.
Since x2r2an? when x & [2”“‘, 2"“], we see that

on Pax!

Gi(x)?rxerdx £ A(a, p) f f(x)?xerdx.

IIA

27-—1

Summing over all integers, we have

(M f Gi(x)Pxrdx < A(a, p) f f(x)Pxerdz.
0 )
In considering F; we set
2" on
I, = f(x)dx and ¢, = f(x)Pxerdzx.
271—1 2»—1

Letting ¢ be the conjugate index of p we see that by Hélder's inequality

2" 1/p 2" 1/q
(8) I, = [ f f(x) anpdx] [ f x—-apdx] < Acp2-ontnle,
on—1 g1
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Since
N+1
Fi(x) < lu b 278N > I, £2 E 27+,
Nz k=n k=n

we obtain using (8)

Fi(z) £ 4 E 2—k—aktklac, = A Z 2rkc,

k=m k=n

where r=—1—a+1/¢=—1/p—a<0. It follows that

on © P 0 P
Fi(x)rxerdx < A-Z"P"J”‘l: > Z’kckjl =4 l: > 2""_")ck:| .

gn—1 k=n k=n

Summing over all #, we see that

f Fi(x)Pacrdx = A Z

n=-—o0

© P 0
[Z 2’<’°‘")ck:| =43 [barclr

k=n n=—o0

where b,=2" if #<0 and is zero otherwise. By an inequality of W. H.
Young, (see Hardy, Littlewood, and Polya [1952, p. 198]), we obtain

Z [0 * ca]? =[ Zb:l ic:=A(a,p) ic:.

n=—o0 n=-—oo n=—0c0 n=-—00

We now have

) f Fi(x)raerds < A(a, ) Z tn = Ale, ) f Fw)raends.

Combining (7) and (9) we see that
(10) f hn(@)rmrds < Aa, p) f ) raords,
0 0
By nearly the same arguments we may show that
(11) f " ha()aords < A(e, p) f " @) ards,
0 0
Finally we consider #; and obtain
ha(x) = —l—fxf(u)du + ifzf(—u)du + l.u.b.ifuf(—x — t)di.
X Jo X Jo u>0 U Jo

By a theorem of Hardy, (see Zygmund [1935, p. 72]), we have

fow l:olc f:f (“W]px"”dx = Ale, ) fo f@)xords
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j;w[%j;,f(—u)du:l"xapdx < A(a, p)ﬁwf(—x)pxapdx.

The argument leading up to (10) shows that

and

fwl:l.u.b.l o"f(_x _ t)dt:lpx“pdx < A(a, p) ﬁwf(—x)ﬂ’x"l’dx.

u>0 U

Combining these we obtain
(12) fo ha@)aerds < A, ) f 1) | x|erda.
From (10), (11), and (12) we see that
fo wh(x)”x“”dx < A(e, p) f wf(x)”[ x |*rdz.

Changing x to —x we obtain a similar inequality on (— %, 0) and thus (6) is
proved.

CoROLLARY SD. Under the hypotheses of Lemma S5A,
lim f(x, ¥) = f(x) a.e.
v—0

and

Lim.e2f(x, y) = ().

The first equality is a consequence of the theorem on Cauchy’s singular
integral, Titchmarsh [1937, p. 30]. The second is immediate using Lemma 5C
and Lebesgue’s dominated convergence theorem. Similar results for f~ (x, ¥)
follow from these. We are now ready to prove the main result of this section.

THEOREM SE. Suppose that for n=1,2,---, N
(a) fneLa'p(— @, °°)r 1<p< o, —1/P<0£<1'-1/P,
(b) that a,(t) is nondecreasing for t in a finite interval [a,, b,] and that
(c) L, is a subinterval of (0, ¥,] of length L,.
Then we have

N bn 1/2
( 271 Soulat 9] I?da,.(:))

n=1lv g

a,p

< ,,Ng L L.. | falz, ) |2dy j:“da,.(t))llz

Proof. We may assume that f, EL2NLe*» Supposing that ¢, are positive

< Ale, p)‘

a«,p
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reals and that y,& [0, v.], we set
— eun'~yn)u if0=u<t,
ou) = { .
0 if u = t,.
Integrating by parts we obtain

So,e,,[f,.(x, )] = (2,,-)~1/2f0 ”f; () e=izw—vnudy

L,
= (21[')—1/2f ”g(ﬂ”'—Vn)qu(u)e—izu_y.:udu
0

tn
=f e U d, S0, 1 [ falx, 34)]
0

tn
= W~ tS , [fu(x, y,,')]—f So.ulfalx, yd ) ]deva' 10>
0

- f Soalfalt, 34)]dbu(a).

Since for every »

tn
[ lasal s,
0

we otbain by Schwarz inequality

tn
| S0l 3011 S [ 7| Sualfuta, 5112 | donta |
0
By Theorem 4H we conclude that

‘ <7§ | So.e,[f(, 9)] I’)w
(13) . ‘

(S [ "1 slite, 501 ol asa0) |
N 1/2
< A<a,p>\<§|fn<x,y4>|2) .

Let m be a positive integer and let L, be partitioned into m intervals
[Yniz1y ¥niil, 5=1, 2, - - -, m, of equal length for each #. Using (13) we see
that

N 1 m 1/2
(£ 15 s

j=1

S a|(5 15 eant)”|
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On the left we have the norm of the expression

(1 S0ants 3] Iz)m

n=1

while on the right we have the norm of an expression which converges to

(z='f ey fray)

as m— o, Since the latter expression is dominated by

( §3f3<x)2)'/2

n=1

which is in L*?» by Lemmas 5C and 4F, we obtain by Lebesgue’s dominated
convergence theorem
N 1/2 N 1 1/2
(Z I soalilite N ) (&' [ 1aeals) .
The proof may now be completed as in the proof of Theorem 4H.
6. The H>? classes. We say that a function w(z), analytic for I(z) >0,
is in He if

§A|

1) l.u.b. f l w(x + y7) I"I x4+ yi|‘"’dx < o,

o J_,
We now study these classes and their relationship to L*», We write H? for
Ho»,

LEMMA 6A. If w(z) EH*?, 1<p< o, —1/p<a<l—1/p, then there is a
SJunction w(x) EL*?(— o, ©) such that

2 lini w(x + yi) = w(x) a.e.

and

3) Lim.*?w(x + yi) = w(x).
y—0+

Proof. In the case a=0 this result is well known, Titchmarsh [1937,
p. 139]. Since z°w(z) € H>, there is a function x*w(x) EL? such that

@ lim (x 4+ yi)*w(x + yi) = x*w(x) a.e.
y—0+

and

5) l.i.nr’ (x + yi)ow(x + yi) = x*w(x).
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The latter expression may also be written in the form

(5") lim °°| (x + yi)w(x + yi) — xw(x) |pdx = 0.

y—0+ —c0
The relation (2) follows at once from (4). Instead of (5) or (5’) however, we
wish to prove (3), that is to show that

(6) lim °°| xew(x + yi) — x*w(x) ]”dx = 0.

y=0+ J
We may write
zew(x 4 yi) — xow(@) = [xw(x 4+ yi) — (x + y)w(x + yi)]
+ [(= + yd)ow(x + yi) — xew(=)].
Thus to prove (6) it is sufficient in view of (5’) to show that

(7 lim | w(x + i) |?|x* — (x + yi)=|rdx = 0.

-0+ —o0

In case >0 we write the left side of (7) in the form

0

(8) lim l (x + yi)*w(x + yi) |P| x(x + yi)y7* — 1 |de.

v—=0+ J

Note that the last term in the integrand is bounded and converges to zero.
Setting

w:(x) = l.u>.£). [ (x + yi)ew(x + y7) l

we see that the first term in the integrand of (8) is dominated by wk(x)?EL!
by Lemma 5C. Thus (7) holds by the dominated convergence theorem.
The case @ <0 is proved in almost the same way.

LeEMMA 6B. If f(x) EL*?(— o, »), 1<p<w, —1/p<a<l—1/p, then
F(z) =f(x, y) +if (x, y) €H*? and in fact

©) [T1EG+ 3 P2+ il < e, Pl

—00

Proof. In view of Corollary 5B, it is enough to prove (9). If =<0, then
|x+yi|e»<|x|*» and the result is immediate from Minkowski’s inequality
and Theorem 4D.

If >0, we set
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46) = [T+ 5| 5+ yilmas

-0

1
=[f + ]|F(x—l—yi)[f’|x+yi[“”dx=Il+Iz.
|z|>1

-1
Considering the first integral, we have

Iy < lub. | (x+ yi)/x[‘"’.f | F(x + yi) |7 | x|ordx
lz] >1

~—0

< A, p)(1 + y)=/2|f(@)|| = 0(»*) as y— .

In considering the second integral we note that by Lemma SA and Hélder's
inequality,

| F(x + 9) | S||F(x+ w)]asl| P, 3)||-ae
< A(e, )y >|fl 0.

and therefore we have
1
I, £lub. |« + yil‘”’f | F(x + i) |rdx
lz| <1 -1
< A(e, p)(A + y2) vy~ || f]la,p

=0(y™) asy — o.

It follows that log A (y) =0(y) as y— . By the three lines theorem we see
that if 0<y:1 <y, <y3< =, then

Y —

Y2~ N

y3— N

Letting y;— «, we obtain log 4 (y2) =log A(y); that is
A(y2) £ A(yy)

and A (y) is a nonincreasing function for y>0.
Now let F.(z) =2*F(z). As a function of x, F.(z) EL? for each y and in
fact

y
log 4(ys) = y’ log A(y:) + log A(ys).
1

Faat 3 = [ Fuu) P — 5, 5)du.

Therefore by Corollary 5D we have
Lim.? Fo(x 4+ yi) = Fa(x).

y—0+

Since 4 (y) =||Fa(x+yi)||2, we may write the above relation in the form
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lim A(y) = A(0).
y—0+
Thus we conclude that for all y=0

A@y) £ 4(0) = ||F@)|[a., £ Ao, pIIf@)]]as-

We next quote a result due to D. Waterman [1956, p. 173]. The cor-
responding result for series was first proved by Littlewood and Paley [1937].

THEOREM 6C (WATERMAN). If w(z) EH?, 1<p< o, and
© 1/2
gx| w) = [f | w'(x + i) lzydy] ,
0

then
lgz] @), = 4P| w(@)||-

We now prove a theorem analogous to a theorem of Hirschman [1955a,
p. 36] for series. The proof uses methods due to Zygmund [1945, p. 439].

THEOREM 6D. If w(z)EH?, 1<p< =, and
© 1/2
ol = | [ 7w+ 50/ + i lvay]
0

then || (x| w)|| » <A (P)]|w(x)| -

Proof. The proof will be given in three parts.
PART 1. The theorem is true for p=2. Let u(x) =R [w(x)] and

0 ift =0,
G@t) =

0
—2f u”(s)ds if ¢ <O0.

t

We first show that e¥!G(f) is the Fourier transform of (:2)~'w(z). Writing
w” (¢) for the Fourier transform of w(x), we see that since w(x) = u(x) +iu™~ (x),
Titchmarsh [1937, p. 139],

w () = u*() + [i sgn t]u*(8)i = [1 — sgn t]u"(t).
Thus %" () vanishes for £>0 and we may write

(10) w(z) = (27r)_1f02u‘(l)e_“‘dt.

Moreover, by Schwarz’ inequality and Parseval’s theorem, we have for £ <0

an Jeol s[ [Ta] [ [Tewora] sl



1960] HANKEL MULTIPLIER TRANSFORMATIONS 175

Integrating by parts and using (10) and (11), we obtain for the inverse
Fourier transform of e?'G(¢)

0
(2m)-112 f VG () el

0

= (2m)~V(—iz)"le G (¢8)

0
+ @r)1r2(ig)1 f 2u” () e=ietdy

= (iz) w(z).

Using Parseval’s theorem and a theorem of Hardy (see Zygmund [1935,
p. 72]), we have

“h(xl w)H: =j;°°ydyfw| w(z)/z|2dx =f°wydyf et | G(t) |2dt
0 o 1 0
= f_wl G(t)/t|2dt fo yi2etvtdy = -Zf_wl G(t)/tlzdt

0
s 4 woPa = 4o @l = 4w

PARrT 2. If the theorem is true for index p and 1 <r <p, then it is true for
index r. We may suppose that if w(z) ©H" then it has no zeros for &(z) >0.
See Waterman [1956, p. 179]. Setting v(z) =w(z)"'?, we see that v(z) EH>.
We now obtain

h(xl w)? = f I v(x + i) |2P"| x+ yil‘“ydy = v*(x)zi’/"%(xl )2,
0
It follows that

k(x| w)r < v*@®)7 k(x| v)".

Using Hélder's inequality, we conclude that

Incel < [ f el oras] [ [ rwpae]

< AW|v@)|7 = 40w

In particular we now have the theorem for all p <2.
PART 3. The theorem is true for all p=4 and thus for all p. We set 1/q
=1—2/p and observe that

(12) (x| @)’ = Lu.b. f x| w)f(@)d,
f —0

where f ranges over all non-negative real valued functions in L? such that

IAle=1.
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We set F(z) =f(x, ¥) 41 (x, ¥). Since ['w(z)/z| 2 is subharmonic, we have

(19 |wl+20/+ 20| 5 [+ 30/ + 30 2P0 = 5 3)du.

-0

Using Fubini’'s theorem

[ nal oo = [ oy [

—4 f iy [ wls + 230/ + 29i) ).

Considering the inner integral we have using (13) and the inequality f(x, y)
<|Fx+yi)],

fw| w(x + 2y1)/(x + 2yi) Pf(x)dx

—0o0

< [ swar [+ i/ + 50 [P = 3, )i

< f | w(ae + 9i)/(u + i) |(u, 3)du

< f | w(x + 30)/(x + 9i) [2] F(x + ) | da.

Using this together with Schwarz’ inequality and Hélder’s inequality, we see
that

[ il w5 4 [Twras [ /sl | P/l

<4 f ww*(x)h(xl w)h(x| F)dx

Al @)l ] @) ] Pl o
AP @)l 1 | 2]

We have also used the fact that ¢=£2 and F(z) S H".
It follows that

A TIA

5G| w)5 = A@)Bcx] )]l
If h(xlw) €L», we are done. Otherwise set w;(z) =e®:, §>0. Clearly ws(2)
€H? and “'ws(x)”,,éA(p)”w(x)”,,. We show that k(x| ws) €Lr. Once this is
proved the proof may be completed by letting 6—0 and using Fatou's
lemma.
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There is no loss of generality in supposing that w(z —7e) © H? for €>0. See

Waterman [1956, p. 174]. Therefore by Minkowski's inequality for integrals
and the Poisson expansion

w(x + yi) = f w(x + u — i) P(u, y + €)du, y= 0,
we obtain

ay et il s f_:Hw(x +u—i9ll| P,y + 9| du

= llw@ — iollsl| P, y + ol = [lwix — ie),.
If f(x) 20 and ||f||;<1, we now have

J ralwirseis = [ “semay [ utoyslpas

IIA

Allw(x — ie)||s fo °°e‘””dy f wf(x)P(x, y)dax

IIA

Allws — id): fo " @ PG, 3 prady

IIA

A“w(x - ie)”:f e_u”ypﬂ—ldy
0

IIA

Allw(x — i), < .
It follows that k(x| ws) € L.
THEOREM 6E. If w(z) EH>?, 1<p< o, —1/p<a<il—1/p, then

oo 1/2
”(f | w'(z + i) |2 x+yi[2“ydy>
0

Proof. We set v(z) = z°w(z) € H?. Since w'(z) =z~*v'(3) —az*~'v(z), we have

|w'(2)[* = 2| v (@) ] 2] + 2] a| | o(2) [2] 2[22=

< (o, p)l| ()] ap-

By Theorems 6C and 6D we conclude that

o 1/2
[([ 7196+ i 2]+ i)
0 b4

@[ H( [T+ Izydy)m

A, Plle@)]|o = 4(e, p)l|w@)]asp-

IA

+ [([ 1saelesan) ™

)

IA
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7. The decomposition theorem. Let us write ¢; (¢) and ¢, (¢) for the char-
acteristic functions of the intervals [2#—1, 2#] and [—2", —2*=1] respectively
for each integer n. Let A and A, be the corresponding Fourier multiplier
transformations on L:?(— «, ). In this section we prove that if f(x) EL*?,
then under the usual restrictions on « and p we have

’(_“Z_o | Al 11" + | anlf)] |2)1/2

that is, the quotient of these norms is bounded between positive constants
depending only on « and p. This is called the decomposition theorem. In this
connection see Littlewood and Paley [1937] and Hirschman [1955a].

LEMMA 7A. If fELa?, 1<p< o, —1/p<a<l—1/p, then

= /@)

a,p

(1) IS L aAL + | A lAD  an = 4 Dl Alas-

Proof. There is no loss of generality in supposing that f&L2*N\L=? and
that f~(¢) =0 for t<0. Then A, [f(x)]=0 for all x and n. We write A, for

AT f].

Differentiating partially with respect to x, we obtain

(So, [ f(x, M= = (21r)'”2<f0‘f‘ (u)e‘""““"‘du)z

= Q’")‘””f‘f‘(u)(—iu)e""‘“”du
0

= So,l[fz(x, y)]'
Integrating by parts, we see that

2"
i(27r)_”2f 1ev'd,So, [ f(x, ¥)]
zn—l
2_"62"50.2"[fz(xy y)]i - 2_"+lezn—‘50-2”[fz(x’ i

27‘
4f.MMWmea
Zn‘l

A1)

Setting ¥ =¥, =2"" for each » and
__t--lev,.l lf on—1 <t < 2»,
g.() = . —
0 if £ = 271 or 27,

we have

alf] =i [ Sodlie 30ldgao.
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Since
2Vl
[ 1@l =25
2»—1

it follows from Schwarz' inequality that

2"
| a1 5 230 [ 1 Sualfie, 2] dgnto |

We now let L, denote the interval [y.,1, ¥.] as well as its length. If we
set F(z)=f(x, y)+if (¢, ¥), then |fu(x, 3)| | F'(2)|. Since a=0, |x|e»
< |x+yi|*» and therefore using Theorems 5E, 6E, and 4D, we conclude that

(s |A,.[f<x>]|=’)m

. H(EZM | So.ulfuls, yn)]lzldgn(‘”)m
Ao [ et [ 1sol)”
(Z 5o J, 1t y)l%iy) ’

0 1/2
( NECER? Pydy)

a,p

IIA

a,p

IIA
[N

a,p

IIA
NS

a,p

IIA

4 ( lF’(x+yz)lydy> "

a,p

1/2
4 (f IF'(x+yi>|2|x+yil2«ydy)
0
A|F@)|ap £ A7®)]ap-

LemMMA 7B. If f&L*?, where p and ap are non-negative even inltegers
p=2,a<l—1/p, then

(2 Ifller < A(e, p) H(é | A¥ 4] Iz + | A7 Iz)1/2

Proof. We follow the methods of Littlewood and Paley [1937, p. 84] and
Hirschman [1955a, p. 46] and consider the typical case =6, ap =4. There is
no loss of generality in supposing that fEL*N\L*? and that f  (f)=0 for
t<0. We write A, for A [f].

We set

I\

4

IIA

a,p
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N N
3) Fy(x) = 2 M) and Gy(®)?= 2 | Au(®) [?

—-N —N
for N=1, 2, - - - . We split each of these sums into % parts as follows: for
1=0,1, .-, h—1set
(4) Fyu(®) = 20 An(®) and Gui(®)? = 2.[ Au(@) |2

where n ranges over all integers congruent to < modulo % between — N and V.
Then there are constants 4;, 4q, A3, and A4 such that

[ FN.il = Al Z | Ak|2Am5m’AnZn’ + A2 Z | AIc|2| Am|2An5n’
(s) b4 S| At + 40T | el Anl?] A2
+ Z* Akak'AmZm’Anzn'y
where in each summation all subscripts range through values congruent to
1 mod % and where * denotes a summation in which no one of k, m, » equal

any of k', m/, n'.
Forj=1,2,..-,weset E;= {v;j“zélvl éj—l} and

1
© w@) = [ 1= et o],

2 E;
It is easy to see that w;(x) is less than lx] ¢ and approaches it as j— . Using
the inequality

2= 2 Aoy

we have
] _:1 Fy(a) [ow;(2)dx
< [ 712 1840 4B ()2, () | i
+ f_:| S| 8@ 2| An(®) |280(@) B (2) | w5(2)d
3 B A LI RO PN
+ ‘ f _: 3% 20(5) B () A (2) B (2) A () B (2) 05 (5) |

Let J* denote the last integral and consider a single term of the sum. By
Fubini’s theorem we have
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P s

- f ApDr AnDpm Ay Aprw;dx

2J

= -]—f I v|_4d'l)f Akzk'AmZm'AnZn'l 1 —_ 8‘“’|4dx.
2 Ej —w
The inner integral on the right is a combination of terms of the form
Kr('v) = f ZkAk’ZmAm'Ananeix”rdx

where r=—2, —1, 0, 1, 2. Writing A" for the Fourier transform of A, we
obtain the convolution
K.(v) = [Ar*Ap*An*AN*As*A, ] (r0).

Since A, (1) =0 for all ¢ outside [27~1, 2#], we have for large enough & and
small enough v (that is for large enough j) K.(v) =0 for all v&€E;. Thus J*
vanishes for large enough % and j.

Under these conditions we obtain, using Schwarz’ inequality,

f | Fa,i|0wdx < A4 [wazfr,4| Fy:f*| x|idx

+ f “Ghi| Fual'] x['dx + f G:,,,.|x|4dx]

= All[Fxdl*][Gr.

P [|Fa 2l Gl + [l Gl ]

Letting j— « and using Fatou’s lemma, we have the same inequality as just
above with || Fx,J|® on the right. Since Fy,:(x) is a multiplier transform to
which Theorem 4D applies, it follows that || Fx,,|| is finite. Therefore we have
||Fx.| <||Gw.d|. Combining % such inequalities, we see that

|1Fx]| = A@)|Gx]l £ 4B | aa]D1.

Letting N— «, the proof is completed.
Suppose that € and ¢, are sequences each of whose terms is 1 or —1. Set
e= (¢, €;) and

50 e ifre [2m1, 20,
) & iftE[—20, —201].

We write T for the corresponding multiplier transformation and note that

for every f& L*? we have

LI@] = 3 datli@)] + i),

—0o0
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We also write || T]|a.» for the norm of a bounded linear transformation T of
L=7 into itself.

LemMmA 7C. Suppose that 1<p<x, and —1/p<a<1—1/p. Then the
Sfollowing are equivalent:
(i) there is a constant A such that ” T¢“a,,, =4 for all ¢;

(i) el (2w AT 712+ A7 [£110Y2]|a.p for all fEL=».

The proof for Fourier series, Littlewood and Paley [1937, p. 86], needs
only trivial changes to be applied here.

LEMMA 7D, If1<p< o, —1/p<an, 0a<1=1/p, | T||ajp < =, 7=1, 2, and
vy=(1—0)o1+0as for 0S0=1, then
—0 ]
1Ty < | Tl w7l 20

This result, a demonstration of which is given by Hirschman [1956], is
essentially contained in the Riesz-Thorin convexity theorem.

Lemma 7E. If 1<p<», —1/p<a<l—1/p, 1/g=1—1/p, and T is a
multiplier transformation on L such that || T||ap < @, then || T||—a.q < .

Proof. It is sufficient to prove this on L2\ L*?, We may also suppose that
f and ¢ are real. Suppose g& L2\ L*-? and g is real valued. Using Plancherel’s
theorem, we obtain

[ riewar = [ a0 0p 0a = [ s01isl
If, in addition, ”g“a,,,é 1, we have by Hélder’s inequality
71w = b [ 7 Tl6 e S el el S T

Therefore || T||-a.¢ || 7]|a.r < . By symmetry we even have equality.
THEOREM 7F. (DECOMPOSITION THEOREM). If f&L*?(—w, «), for
1<p<w, —1/p<a<l—1/p, then

“f”a.p% ”(g | A:[f] |2 + | A I,>1/2

Proof. Let p’'=2m be an even integer greater than p. Let oy =0 and
a;=1—1/m. By Lemmas 7A and 7B we obtain for j=1, 2,

I llasr I CE T &AL + 1 &AL 0y

By Lemma 7C there is a constant 4 such that for all ¢, || T||«;.,» 4. Thus by
Lemma 7D we have for all ¢’ such that 0=’ <1—1/m

a,p
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1Tdla s = 4.
By Lemma 7E we obtain for 1/¢'=1—1/p’
[17d|-wer = 4.
There is a number 6, 0<6’' <1, such that
1/p=0/p+ (1 —-06)/q.
Numbers o’ and B’ can now be found so that
—“1+1/mspf =05 s1—1/m
and for the given «
a=0d + (1 —6)8
when m is sufficiently large. Since for every sequence e
[Tl = 4 and [[Tp» = 4,
we obtain by the Riesz interpolation theorem
ITlas =< 4

for every e. Another application of 9C completes the proof.

8. The main theorem. We conclude by proving the theorem on the
boundedness of the Fourier multiplier transformation and by extending this
result to Hankel multiplier transformations. We say that ¢(f), — « <t< =,
is in M(C) if

1) )] =c, —o <{< ,
2ﬂ

@ f lds()| = C, Z0, 41, 42, -,
2n—l

and
_27;—1

@ [ lwolsc  w-o i
—on

If ¢(2) is defined for 0 =¢< », we require only (2) and (1) on this range.

THEOREM 8A. If fEL*?(— o, o), 1<p< o, —1/p<a<l—1/p, and
¢S M(C), then the associated Fourier multiplier transformation T is defined on
L*? and

@) 17 les = 42, 2)C)If]]ep-

Proof. We may suppose that fEL2\L*? and that f~ (t) =0 for t<0. We
write A,(x) for A [f(x)]. Let
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Du(s) = o) [ a0~ (e

and
oN

Px(e) = @ay [ 60 Ot = 3 D),

It is enough to prove that
®) [Fxlle.r = AC|flle...

By the decomposition theorem

© [#sllen = 4 (£ 1 2uI)"

—N

a,p

For t&[21, 2»] we consider
t t
Sou[An(@)] = (2r)-1r2 f AL (w)eisvdu = (2m)-102 f 7~ (f)e-=du.
0 27»—1

Integrating by parts, we obtain

2”

D.(5) = [ 60S0.[8.9)] = 6@)Somnlas)] = [ Salan()]as)

21.

= . So,t[An(x)]dd’"(t)

where ¢,(t) = —¢(¢) when 21 <¢<2" and ¢,(27) =0.
By Schwarz’ inequality, we see that

7 D@ s 2c [ [ Sudan@]?] aoo]

since by (2) we have

® L L lae] =2c

for all n. By (6), (7), Theorem 4H, (8) and the decomposition theorem we
obtain

( é | So.{auA1][2] dou(t) | )112

1Fxllas = aCH

«,p

©)

IIA

< AC| fllas

ap

| (% stat)”

completing the proof.
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We now extend this result to Hankel multiplier transformations. We find
it more natural here to use the usual definition for the Hankel transform
rather than that used in the first three sections. As before it is sufficient to
define the transformation on a dense subspace. In particular if f&L*?(0, «)
ML, «) and v= —1/2, we set

(10) F() = fo " )Tt (at) o,

the integral being a limit in the mean of order 2 of partial integrals. Note
that F_j;; and Fyj; are simply the cosine and sine transforms of f. Therefore
if we extend f to be an even or an odd function on (— , «) and apply
Theorem 8A, we obtain the following:

CoroLLARY 8B. If fELx?(0, »), 1<p< o, —1/p<a<l—1/p, and °
S¢S M(C), then the associated Hankel multiplier transformations T, of orders
v=—1/2 and +1/2 exist and

(11) 1T lllar < A, p, DC||f]|ap-

Lemma 8C. If v, p> —1/2, and g(s) is a function on (0, «) with Hankel
transforms G,(x) and G.(x) lying in L**(0, «) and such that

(12) fows““"“] g(s) | ds < o,

then

GV(x)”a'p = ”Gu(x)”a.p-

Proof. We are given
13) G,(x) = j;wg(s)fy(xs)(xs)”’ds
and a similar expression for G,(x). Setting x =e? and s=¢~*, we obtain
(14) G,(e¥) = f °°g(e"‘)e"‘.f,(e""‘)e""")”du.
Setting r =a+1/p and multiplying both sides by e¥, we obtain

e"lle(el‘) =f g(e—“)e_u(l“f)J'(eV—“)e("f'l/z)(ﬂ‘—“)du.
On the right we have the convolution of two functions k(y) = g(e¥)e~1—"v and
F () =T, (e¥)etHUPr, We set E,(y) =evG,(e¥) and let the caret denote the
Fourier transform. We show that
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(15) E2 () = k() (0).

Note that although AEL!(— », «) by (12), j, need not and thus (135) is not
immediate. Considering the partial integral of E, we obtain

(2m)-112 f "B (y)etvdy = (21)1 f itudy f Ry — w)du

= ny [ “han [ ity = ey

(16) . e
= (21r)“1f h(u)duf Fr(y)eitwtidy
= @m0 f h(w) eI (u, )du
where
I ) = ey [ ey,

By the Weber-Schafheitlin formula, Watson [1944, pp. 391-392] j, (£
=limg., Io(u, t) exists and has the value

21T (/2 + 1/2 + 1/4 + it/2)
(2m)V2T(v/2 — /2 + 3/4 — it/2)

Since 0 <7 <1, the real part in the arguments of each of the gamma functions
is positive and bounded away from zero. Thus j, (f) is bounded. Moreover
I.(u, £) converges boundedly to j, (f). Therefore we have (15) by dominated
convergence.

A similar expression for u holds. Upon dividing the latter into the former,
we have

(17)

EX(0)/Ea(t) = 3o ()/ja (8) = évu(t) = &(8)
where by (17)
T(/2 + 7/2 + 1/4 + it/2)T(u/2 — 1/2 + 3/4 — it/2)
T(/2 + /2 + 1/4 + it/DT(s/2 — /2 + 3/4 — it/2)

It follows that E, (t) =¢(t)E, (t). We wish to apply Theorem 4D and begin
by observing that ¢ is bounded near zero. Using (18) and a formula from
Erdélyi [1953, vol. 1, p. 47] we obtain

$(8) = (it/2) 11 4 0@ ](=it/2) +=12[1 + 0]
= ¢im0=m san t2[1 + O(t7)] as | t| — .

(18)  ¢() =

(19)

It follows that ¢ is bounded everywhere.
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We next show that
(20) f | do()| < .

It is easily seen that ¢ has finite variation on any finite interval. It is not
hard to justify term by term differentiation in (19) and thus obtain ¢'(¢)
=0(t?) as |t| > . It follows that

(21) f| M] do(t) | < fl tmt"dt < o,

We now have (20) and thus the postulates of Theorem 4D.
We now conclude that

(22) IEWI> = A2,

Making the change in variable e =x, we have

(23) 12Ol = lle*Guenlls = |=G.@| = [|G.()]a.s-
The same holds with u instead of ». We conclude from (22) that
(24) 1G.@]ler = Al Gu@)]5-

Since this holds also with » and u interchanged, we are done.

THEOREM 8D. (THE MAIN THEOREM). If f&EL*?(0, ) for 1 <p< » and
—1/p<a<1—1/p and if €EM(C) and if v= —1/2, then the Hankel multi-
plier transformation T, associated with ¢ exists and

(25) 17 f)llar £ A, 9, 9)C|If]]ap-

Proof. Suppose that f is a step function which vanishes outside a compact
subinterval of (0, «). Since the set of all such functions is dense in L7, this
involves no loss of generality. Let g(s) be the Hankel transform of f(x) of
order » and Gi;2(x) be the Hankel transform of g(s) of order 1/2. Since f& L!
and is of bounded variation, the Hankel transform of order » of g(s) is equal
to f(x) almost everywhere.

Now f(x) is a linear combination of characteristic functions of finite inter-
vals. Let fu(x) be such a function for [a, b]. Then its Hankel transform is

gx(s) = f bJ.(xs)(xs)‘“dx.

Since J,(2)z}/2=A;sin z+A4,cos 2+0(z71) as z— o, it follows that g«(s)
=0(s71) as s— x. Clearly g«(s) =0(1) as s—0. It follows that

0 1 ©
f | gx(s) | s~17—eds < 4 [f s~Ur=ags +f s‘”"‘“‘lds:l < o,
0 0 1
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since 0 <1/p+a<1. Therefore we have

f | g(s) |s~t/Peds < oo,
0

We now apply Lemma 8C to obtain
(26) 17@)ap 22 1G22 .-

Next let T1,2[Gij2(x)] and T,[f(x)] denote the Hankel transforms of orders
1/2 and v respectively of ¢(s)g(s). Since ¢ is bounded, ¢g satisfies the hypoth-
eses of Lemma 8C and we have

(27) [ T22Gupelllae 2 || T[] -

By Corollary 8B we also have
(28) [ T12[Grpalllar = A(e, p)CIG1rd .o
Combining the last three, we obtain (25).
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